Abstract-It is well known that the conventional edge element method in solving vector Maxwell's eigenvalue problem will lead to the presence of nonphysical zero eigenvalues. This paper uses the mixed finite element method to suppress the presence of these nonphysical zero eigenvalues for 2D vector Maxwell's eigenvalue problem in anisotropic media. We introduce a Lagrangian multiplier to deal with the constraint of divergence-free condition. Our method is based on employing the first-order edge element basis functions to expand the electric field and linear nodal element basis functions to expand the Lagrangian multiplier. Our numerical experiments show that this method can successfully remove all nonphysical zero and nonzero eigenvalues. We verify that when the cavity has a connected perfect electric boundary, then there is no physical zero eigenvalue. Otherwise, the number of physical zero eigenvalues is one less than the number of disconnected perfect electric boundaries.
INTRODUCTION
Waveguides and resonant cavities have wide applications in microwave engineering. Their design usually involves the computation of the propagation constants and resonant frequencies in computational electromagnetics [1] . For example, a very efficient technique for the full-wave analysis and design of complex passive waveguide filters, including rectangular cavities with metallic cylindrical posts and coaxial excitation, is presented in [2] . A homogeneous ferrite ring resonator and an inhomogeneous dielectric-ferrite ring resonator have been analyzed in [3] . However, in spite of their long history, such eigenvalue problems still require rigorous research in several aspects, especially with respect to the presence of two kinds of spurious modes, i.e., spurious nonzero eigenvalues and zero eigenvalues.
In 1969, Silvester [4] successfully employed the nodal based finite element method to analyze wave propagation in a homogeneous waveguide. It has been shown that the nodal based finite element method has several advantages in solving homogeneous waveguide problems, but when applied to inhomogeneous waveguide problems it yields nonphysical modes with nonzero eigenvalues. Rahman and Davies [5] , Winkler and Davies [6] and Kobelansky and Webb [7] observed that the reason for the presence of these first-kind nonphysical modes is that these nonphysical modes do not satisfy the divergence-free condition required by the Gauss' law. They suggested a penalty function to enforce the divergence-free condition. Unfortunately, this method cannot eliminate the spurious modes completely and leaves the user the task of selecting a suitable penalty function parameter.
In electromagnetics theory [8, 9] , we have already known that on the interface between two different media, the tangential component of electric field E is continuous, but the normal component is discontinuous. Because the nodal basis functions do not have this property, making use of nodal based finite element method to solve vector Maxwell's eigenvalue problem with inhomogeneous medium will lead to the presence of nonphysical nonzero eigenvalues. In 1980s, Nédélec [10, 11] proposed the edge elements, which can preserve this actual physical property of electric field E. Therefore edge elements are very well suited for approximating electric field E. The review of edge element method has been given in [12] . For the Maxwell's eigenvalue problem in isotropic media, with the edge element method there are no spurious modes with nonzero eigenvalues, but the number of spurious modes with nonphysical zero eigenvalue is equal to the number of interior nodes inside the computational domain [13, 14] . Therefore, in order to remove these second-kind spurious modes with nonphysical zero eigenvalues, we must make the eigenfunction have the property of divergence-free condition. Kikuchi [15] has already turned to the help of introduction of Lagrangian multiplier to enforce the constraint of divergence-free condition. Other researchers have also investigated the removal of nonphysical zero eigenvalues [16, 17] . Kikuchi's approach [15] is particularly attractive in that the process is rather automatic with little intervention needed to include Gauss's law. However, to our knowledge, this method has only been applied to isotropic media so far; the extension to anisotropic media is not trivial in that it involves the coupling of all field components in the mass and stiffness matrices.
Fratalocchi et al. [18] [19] [20] concern the numerical solution of Maxwell equations in complex geometries. This paper will focus on numerical solving of 2D vector Maxwell eigenvalue problem with anisotropic media in complex geometries. Based on the above work by Kikuchi [15] , we introduce a Lagrangian multiplier to constrain the divergence-free condition. Specifically, we employ the first order edge element basis functions to expand the electric field, and use linear nodal element basis functions to expand the Lagrangian multiplier so that Gauss' law is satisfied to remove the second-kind spurious modes.
The outline of the paper is as follows. In Section 2, we introduce the mixed variational formulation of the 2D vector Maxwell's eigenvalue problem in anisotropic media. Linear finite element space, the first order edge element space, and the forms of corresponding basis functions are given in Section 3. Finally we carry out some numerical experiments to verify that the mixed finite element method can effectively exclude all the spurious eigenvalues, including the nonphysical zero eigenvalues.
MIXED VARIATIONAL FORMULATION
In this work we consider the 2D electromagnetic eigenvalue problem for an anisotropic medium with the relative permittivity and relative permeability tensors
where¯ rt andμ rt are full 2 × 2 tensors for the in-plane relative permittivity and permeability of the medium. In a 2D problem, all fields and medium properties are only functions of (x, y) and are independent of z.
Let Ω be a connected, bounded domain of R 2 with a Lipschitz-continuous boundary ∂Ω. The boundary ∂Ω may be disconnected. In a 2D resonant cavity problem, we often need to solve the following 2D vector Maxwell's eigenvalue problem: Find k 0 ∈ R (eigenvalue) and a vector field E = 0 (eigenfunction) such that
wheren denotes the outward unit normal vector on ∂Ω, ∇ t × the curl operator, ∇ t · the divergence operator, E = E xx +E yŷ the electric field in the 2D plane, k 2 0 = ω 2 µ 0 0 , and ω the angular frequency. In this electromagnetic model, we only consider the perfect electric conductor (PEC) boundary condition, but the method can be extended to other boundary conditions. Moreover, we assume that the medium in resonant cavity is anisotropic and piecewise homogeneous, and in each region the relative dielectric permittivity¯ rt is a second order positive tensor, i.e., (
where ξ * is the complex conjugate of ξ, and the relative magnetic permeability µ rz > 0 is the zz component of the relative magnetic permeability tensor.
Note that when Ω is simply connected, i.e., the boundary ∂Ω is connected, the eigenvalue k 0 = 0 is not a solution of problem (2)-(4). In fact, if k 0 = 0, then the above problem has the trivial solution only: from (2) and (4), we can deduce that ∇ t × E = 0, so we can write E = −∇ t φ. Substituting this into (3) and (4), we get the equation −∇ t · (¯ rt ∇ t φ) = 0 in Ω and φ is a constant on ∂Ω, and using (5), we conclude that φ is the constant in Ω, thus, E = 0 in Ω. On the other hand, when Ω is multiply connected, i.e., the boundary ∂Ω is disconnected, we cannot deduce E = −∇ t φ from ∇ t × E = 0; therefore, the presence of physical zero eigenvalue is possible. This is the case for a coaxial waveguide and for multi-conductor connectors. It is well known (and also confirmed by our numerical results) that the number of physical zero eigenvalue is equal to the genus in Ω. The physical interpretation for this is that if there are N independent conductors in this cavity, then there are N −1 independent TEM modes in this cavity. Unfortunately, numerical solution using the traditional finite element method will yield many spurious zero eigenvalues. Therefore, it is the objective of this work to remove these spurious modes by employing the mixed finite element method.
In order to use the mixed finite element method to solve this problem, we change the above strong form PDE to the corresponding weak form. Let L 2 (Ω) be a Lebesgue space of measurable and square integrable functions on Ω. Its canonical inner product is defined as (u, v) 0 = Ω uv * dΩ, where the complex value function v * stands for the complex conjugate function of v. The norm induced from the above inner product is
In the finite element postprocessing, for the problem (2)- (4) we need to draw field distribution about the electric field E =x(E real
. Next we introduce the following three important Hilbert function spaces:
By applying the Green's formula
to Equations (2), and
to Equation (3), and taking F ∈ H 0 (curl, Ω), q ∈ H 1 0 (Ω), we arrive at the following variational formulation of Maxwell's eigenvalue problem (2)- (4):
It is clear that Equation (6) can be solved independently as in the conventional edge element method, but in this case the divergence-free condition (3) may be not satisfied. Therefore, the problem (6) is not equivalent to the original problem (2)- (4). This is the reason that (6) has nonphysical zero eigenvalues, and the eigenfunction space corresponding to these nonphysical zero eigenvalues is ∇ t H 1 0 (Ω), which is an infinite dimensional space. When Maxwell's eigenvalue problem (2)-(4) does have several actual physical zero or very close to zero eigenvalues, it is very difficult to distinguish the actual physical zero eigenvalues from all the numerical eigenvalues to approximate these actual zero eigenvalues [21] .
In order to exclude all the nonphysical zero eigenvalues, we need to consider the divergence-free condition (3) . That is to say that we must simultaneously solve variational forms (6) and (7). We couple variational form (6) with that of (7) according to the introduction of Lagrangian multiplier and give the following mixed finite variational formulation:
where p is a Lagrangian multiplier. This is a saddle point problem in finite element analysis. Now we prove the equivalence between the problem (6)- (7) and the problem (8)- (9) . Obviously, any eigenpair of (6)- (7) with p = 0 satisfies (8)- (9) . Conversely, by taking
. Then making use of (9) and (5), we deduce that ∇ t p = 0. By means of the property of Hilbert space H 1 0 (Ω) [22] , we can deduce p = 0 in Ω, which shows that any eigenpair of (8)- (9) satisfies Equations (6)- (7) as well. Next we use the mixed finite element method to discretize the mixed variational problem (8)- (9).
MIXED FINITE ELEMENT DISCRETIZATION
In this section, we will describe two important finite element spaces: one is the nodal-based scalar linear element space S h , which is a scalar function space; the other is the first order edge-based vector element space W h .
Let π h be a regular triangulation [22] of Ω with the mesh parameter h, where h stands for the length of the longest edge in triangular mesh π h . The usual definition of a linear element space S h is
is the first order polynomial space on K, and the local basis functions in S h are called nodal basis functions because the degree of freedom is defined on the nodes of the mesh. Let ϕ K i (1 ≤ i ≤ 3) be these three local nodal basis functions on the element K.
Here we only consider the first order edge element space W h on a plane triangular mesh π h . Definition: The first order edge element is a triple (K, P, N ) having the following properties:
(i) K is a triangle (element shape);
where τ i is the tangential unit vector of edge l i . The local edge element basis functions on a triangle can be expressed in terms of the nodal basis functions. According to the above definition, we can derive the concrete expressions of three local edge element basis functions, i.e., Figure 1 presents the local numbering of the nodes and edges of a triangle.
The definition of the first order edge element space W h is
Note that the directivity of the global basis function N i in W h associated with the i-th edge should be same as the reference direction. In our program, the global basis function N i is directed from the lower to the higher global node number.
We use the first order edge element space W h and the linear element space S h to approximate the space H 0 (curl, Ω) and H 1 0 (Ω), respectively. Restricting (8)- (9) on W h × S h , we obtain the discrete mixed variational formulation:
(11) Figure 1 . The local nodal numbering for the element K and the local reference direction for the edge are chosen by means of local nodal numbering.
Next we change Equations (10)- (11) 
Substituting ( 
where T † is conjugate transpose of matrix T ,
After solving the generalized algebraic eigenvalue problem (13), we can get the distribution of the electric field in Ω using an interpolation technique.
Otherwise, we ignore the divergence-free condition (3), finally we get the following generalized eigenvalue problem:
We see from our numerical results that the numerical eigenvalues of (14) have many zero eigenvalues (up to machine accuracy). Moreover, the finer the grid is, the more the zero eigenvalues from (14) . In fact, the number of zero eigenvalue is equal to dim(S h ) when Ω is simply connected. In engineering practice, we often need to know the first few nonzero eigenvalues, if we make use of (14) to compute them directly, it is clear that this method is very time consuming and inefficient because the large null space of the curl-curl operator has not been removed, as illustrated in the following numerical experiments. Therefore the work of excluding these nonphysical zero eigenvalues is significant and important.
NUMERICAL EXPERIMENTS
In this section, we carry out several numerical experiments on the mixed finite element method and discuss the convergence property of numerical eigenvalues. The goals are to support that our method is free of all the spurious modes and to compare the efficiency of this method with the conventional edge element method. In order to analyze the convergence of the numerical Maxwell's eigenvalues, a simple method [14] is to perform computations for a geometric sequence of mesh parameter h such that
. Assuming that expansion of the eigenvalue is
One can then estimate the order of convergence as
where the constant C is independent of h, and α is dependent on the regularity of the exact eigenfunction. In fact, establishing the expansion of the eigenvalue (15) is a significant work, because we can use extrapolation method to improve the accuracy of numerical eigenvalues based on the asymptotic expansion (15) . Suppose that
We can know that λ extra h/2,h is a numerical eigenvalue of high accuracy.
A Square Homogeneous Cavity
In order to verify the implementation of Equation (13), we first make a simulation for the easiest cavity. Suppose that the square cavity is with the length π m and the medium in this cavity is vacuum. We can solve the problem (2)- (4) analytically. The exact eigenvalues are 0 = λ mn = m 2 + n 2 (m, n = 0, 1, 2, 3, 4, . . .) [21] . We compute the first five eigenvalues by using the mixed finite element and present the numerical results in Table 1 . The extrapolation results of numerical eigenvalues are listed in Table 2 . Making use of (16), we can get the following order of the convergence: ratio(λ 1h ) ≈ 1.994079, ratio(λ 2h ) ≈ 2.029439, ratio(λ 3h ) ≈ 1.976378, ratio(λ 4h ) ≈ 1.998730, ratio(λ 5h ) ≈ 1.991018.
From Table 1 , we can observe that nonphysical zero eigenvalues are all removed effectively. The order of convergence for each numerical eigenvalue is approximately equal to 2. For the simple nondegenerate eigenvalues, the numerical eigenvalues approximate exact eigenvalues from above; however, for the multiply degenerate eigenvalues, the numerical eigenvalues approximate exact eigenvalues from below. Remark: Note that for the easy model above, if we drop the divergence-free condition (3), then some nonphysical nonzero modes obtained by the finite element method with node-based element will be presented in numerical results, for details, please see [23] . However, our method can exclude these nonphysical nonzero modes effectively.
From Table 2 , we can see that after the numerical extrapolation, the accuracy of numerical eigenvalues is improved dramatically. Here we take α = 2 in the computation. If we change the medium parameters into an anisotropic ones,
for this resonant cavity, to our knowledge, the expression of the analytic solution is unknown, therefore we turn to the numerical method. Making use of (16), we can obtain the following order of the convergence: ratio(λ 1h ) ≈ 1.911929, ratio(λ 2h ) ≈ 1.958429, ratio(λ 3h ) ≈ 2.001947, ratio(λ 4h ) ≈ 2.083227, ratio(λ 5h ) ≈ 1.898175.
From Table 3 , we can observe that nonphysical zero eigenvalues have also been removed effectively. The order of convergence for each numerical eigenvalue is also approximately equal to 2. The numerical eigenvalues approximate exact eigenvalues from above for some of the eigenvalues, but from below for others.
A Nonconvex Homogeneous Cavity
As we have already calculated the numerical eigenmodes of the cavity on a convex domain, now we consider Maxwell's eigenvalue problem for a nonconvex cavity. The geometrical shape of Ω and the initial mesh are presented in Figure 2(a) . The medium parameters in this cavity arē
The numerical solution obtained by the mixed finite element method is as Table 4 . Because of the influence from round-off error in computer, we find that our numerical eigenvalues are all complex, but their imaginary parts are very small (about 10 −12 ). Here we only list the real parts.
By applying (16), we can get the following order of the convergence:
As observed from Table 4 , all nonphysical zero eigenvalues have been removed effectively and the order of convergence for each numerical eigenvalue is approximately equal to 1.3, which is less than that Table 4 . in the above two examples. The main reason for this lower convergence speed is the bad smoothness of the eigenfunction on nonconvex domain due to the singular behavior of the electric field [24] [25] [26] . The distributions of real and imaginary part of electric field corresponding to the first numerical eigenvalue are presented in Figure 3 , where one can find that the electric field distribution in the middle of this nonconvex cavity is uniform. From Figure 2 (b), we can conclude that the function values of the Lagrange multiplier p h on the nodes of the mesh are very small, this is in accordance with the theory in Section 2.
In summary, from Tables 1-4 , resonant cavities are all simply connected (i.e., only one perfect electric conductor in the problem) and there are no any physical zero eigenvalues, thus confirming the advantage of the mixed finite element method, whereas there are many spurious nonphysical zero eigenvalues in the traditional edge element method.
A Coaxial Cavity
Next, we consider the Maxwell's eigenvalue problem for a coaxial cavity, the domain is
where a and b are inner and outer radii of this PEC coaxial cavity, respectively. We assume that the medium parameters of this cavity are¯
we calculate this model with a = 1 m and b = 2 m by means of the mixed finite element method. The first five numerical eigenvalues from the mixed finite element method are listed in Table 5 .
Here we only list the real parts of our numerical eigenvalues because their imaginary parts are also very small. Making use of (16), we can obtain the following order of the convergence:
From Table 5 , we observe that all nonphysical zero eigenvalues are also removed effectively, but we find the existence of one physical numerical zero eigenvalue with algebraic multiplicity one. The order of convergence for each numerical eigenvalue (exclude zero eigenvalue) is approximately equal to 2. The field distribution of the eigenfunction corresponding to this zero eigenvalue is shown in Figure 4 . 
An Anisotropic Inhomogeneous Cavity
Finally, we consider the resonant PEC cavity with an anisotropic inhomogeneous medium. Suppose that
and Ω = Ω 3 Ω 4 . We assume that the medium parameters of this cavity arē
The numerical results by employing the mixed finite element method are listed in Table 6 . Here we only list real part of our numerical eigenvalues because their imaginary parts are very small and in fact negligible. We can obtain the following order of the convergence: ratio(λ 3h ) ≈ 1.702567, ratio(λ 4h ) ≈ 1.900009, ratio(λ 5h ) ≈ 1.646640.
All nonphysical zero eigenvalues are also removed effectively in Table 6 ; however, we also find the existence of a numerical physical zero eigenvalue with algebraic multiplicity two due to there are two PEC bodies in this cavity. The field distributions of the eigenfunction corresponding to the first and second numerical zero eigenvalue are shown in Figure 5 and Figure 6 , respectively. All the numerical eigenvalues (exclude two zero eigenvalues) approximate the exact eigenvalues from below. For this cavity with an inhomogeneous medium, the order of convergence for different nonzero numerical eigenvalues may be different.
In order to compare the computational cost of the method in this paper and the conventional edge element method, we choose the numerical example above as a testing for CPU-time, and the results are listed in Table 7 . Here t 1 and t 2 are the CPU times used by the mixed finite element method and by the conventional edge element method, respectively. In this testing, in order to get the first five smallest eigenvalues we only need to compute 5 numerical eigenvalues using mixed finite element method, however using conventional edge element method we need to compute N p + 5 numerical eigenvalues, where N p is the number of internal nodes in the mesh. When the mesh is fine, N p is very large. We can also see that the nonzero numerical eigenvalues using the mixed finite element method in this paper are the same as the ones using conventional edge element method, and the function values of the Lagrange multiplier p h on the nodes of the mesh are very small, which agrees with the theory in Section 2. Furthermore, we also use the commercial software COMSOL Multiphysics to stimulate all the numerical examples above. When the eigenvalue is nonzero, our numerical results are also in excellent agreement with the ones from COMSOL Multiphysics. Note that COMSOL Multiphysics makes use of conventional edge element method to solve the vector Maxwell's eigenvalue problem, so it is clear that this method leads to the presence of nonphysical zero eigenvalues.
CONCLUSION
The 2D electromagnetic eigenvalue problem for a cavity filled with anisotropic media can be solved using the mixed finite element method. This method can exclude all the nonphysical zero and nonzero eigenvalues. If only a few eigenvalues are needed as in most engineering applications, this method is much more efficient than the conventional edge element method. In the future, we will extend the idea in this paper to 3D Maxwell's eigenvalue problem.
